Abstract An extension with next-to-nearest neighbour interactions of the simplest XX spin chain with perfect state transfer (PST) is presented. The conditions for PST and entanglement generation (balanced fractional revival) can be obtained exactly and are discussed.
quite useful not only as a paradigm example but also as a test bed for experimentalists. As it turns out, these spin models have a translation in terms of arrays of optical waveguides in view of the mathematical equivalence of the single excitation dynamics of spin chains with the coupled mode theory of optical lattices. Recent experimental implementations [5, 6] have in fact been carried in this framework using the Kratwchouk model. Restricting to nearest-neighbour (NN) interactions is obviously an approximation in this context and it becomes relevant to examine, exactly if possible, the situation beyond this restriction. It is with this perspective that we present in Sect. 2 an analytic extension of the NN Krawtchouk model that includes next-to-nearest neighbour (NNN) couplings. The conditions for PST along that chain can again be found exactly and will be given in Sect. 3 .
There is another phenomenon of importance for quantum information that can be realized in spin chains, namely entanglement generation. This is obtained by endto-end balanced fractional revival whereby a wavepacket initially at one end is reproduced simultaneously (with half the intensity) at both ends. The NN Krawtchouk model does not exhibit this effect but it proves possible when NNN interactions are included. This will be covered in Sect. 4 . A summary and remarks on experiments that this analysis suggests will form the concluding section.
The model
We shall condier a spin chain with the following Hamiltonian of type XX on C 2 ⊗(N+1) where each of the (N + 1) spins interacts with its nearest and nextto-nearest neighbours on the left and on the right: Note that when α = 0, the NN Krawtchouk model with no magnetic fields is recovered. Owing to rotational symmetry about the z-axis, H preserves the number of spins that are up over the chain, i.e. the number of eigenstates of σ z ℓ with eigenvalue +1. In the following, we shall only need to consider chain states that have a single spin up. A natural basis for that subspace is given by the vectors |n = (0, 0, · · · , 0, 1, 0, · · · , 0) ⊺ , n = 0, . . . , N, with the only 1 in the n th position corresponding to the only spin up at the n th site. The action of H on those states is given by
n |n − 2 . Now consider the operator J that acts as follows on the vectors |n : J|n = J n+1 |n + 1 + J n |n − 1 .
It follows that
Let |x s be the eigenstates of J with eigenvalues x s : J|x s = x s |x s . In view of Eq. (2), these will be eigenstates of H with eigenvalues E s = αx 2 s + β x s . As it turns out, the eigenvalues and eigenvectors of J can be obtained from angular momentum theory. Let L z and L ± be the su(2) generators represented in the standard fashion by
on the usual angular momentum states |ℓ,
. Now consider the expansion of the eigenstates |x s on the vectors of the occupational basis
At this point, either from the 3-term recurrence relation J n+1 χ n+1 (x) + J n χ n−1 (x) = xχ n (x) that follows from J|x s = x s |x s or the knowledge of the Wigner D functions, we find that the expansion coefficients are given by the normalized Krawtchouk polyomials which are defined as follows :
with the hypergeometric series given by
and (a) k = a(a + 1) · · · (a + k − 1). These polyomials are orthogonal with respect to the binomial distribution :
elements of an orthogonal matrix, we also have the inverse expansion
For later purposes, observe that when n = N :
Perfect State Transfer
Let us examine the conditions for PST, that is the transfer with probability one, after time T , of a spin up from one end of the chain to the other. This will happen if
where φ is some phase. In order to analyze this condition, use the expansion in Eq. (7) in terms of the eigenstates of H with eigenvalues E s = αx 2 s + β x s to find that Eq. (9) amounts to e −iφ e −iT E s = χ N (x s ) = (−1) N+s in view of Eq. (8). This last equation can be rewritten as follows in terms of the exponents :
where L s are arbitrary integers that may depend on s. Let us consider first the NN model, with α = 0, and verify that PST occurs. In this case E s = β s − N 2 and one has
This shows that the integer numbers L s must depend linearly on s and take the form L s = ℓs + m with ℓ and m integers. With φ appropriately chosen to take care of the constant terms, Eq. (11) reveals that PST will be achieved at times T given by T = 
Although more involved, the analysis of this equation proceeds in a way analogous to that of Eq. (11). The reader will find the details in [7] . The upshot is the following. In distinction to the NN model, PST does not always occur. It will happen in the model with NNN interactions if 
Fractional Revival
We discuss next the possibility of observing fractional revival (FR) at the two ends of the chain. This FR phenomenon will occur after time τ if e −iHτ |0 = µ|0 + ν|N (13) with |µ| 2 + |ν| 2 = 1. Note that PST is a special case of FR with µ = 0 (|ν| = 1). Furthermore, it is readily recognized that when |µ| = |ν| = 1 √ 2 , the state obtained at time τ is maximally entangled as a balanced coherent sum of |0 = | ↑↓↓ · · · ↓ and |N = | ↓↓ · · · ↓↑ . Now upon using expansion (7), condition (13) is translated into e −iτE s = e iφ µ ′ + ν ′ (−1) N+s , µ = e iφ µ ′ , ν = e iφ ν ′ and µ ′ is chosen real without loss of generality. Taking the modulus on both sides we see that Re(µ ′ ν ′ ) = 0. Given that µ ′ is real, ν ′ must thus be imaginary. We shall write µ ′ = cosθ , ν ′ = i sin θ which makes the FR condition become
In this parametrization, up to integer multiples of π, θ = π 2 corresponds to PST. The conditions for FR at two sites in NN spin chains of type XX have been thoroughly analyzed in [8] . Let us first examine here if FR can be found in the NN Krawtchouk model. For E s = β s − N 2 , (14) splits into the following two Eqs. according to the parity of s :
where L 2 + η j s + ζ j , j = 0, 1 where for each j, independently, ξ j and η j can be simultaneously integer or halfinteger while ζ j is integer. Once again, we refer the reader to [7] for the detailed analysis of what these equations entail. The findings are as follows. FR can happen in NNN spin chains that have α β = p q with p and q co-prime integers and p odd; again, q and N must have the same parity. When these conditions are met θ ≃ π 4 , entanglement generation or balanced FR will be realized and its first occurence will be observed at time τ = q π 2β . The picture with respect to FR is thus as follows. While it does not occur in the NN Krawtchouk spin chain, the presence of additional NNN interactions allows this phenomenon to take place under the circumstances that we have spelled out. However, the only form of FR at sites 0 and N that can be realized is of the balanced type which corresponds to the generation of maximally entangled state.
Conclusion
Summing up, we have provided an analytic model with NNN interactions that extends the simplest XX spin chain with PST, namely the NN Krawtchouk model. This extended model involves two parameters α and β . The NN model is recovered when α = 0. When α = 0, for PST to occur we must have α β = p q where p and q are co-prime integers. If FR is to happen, it can only be of the balanced type and p must be odd and in that case N must be of the same parity as q.
It would now be quite interesting to obtain an experimental validation of these results. Discussions are underway regarding the design of an optical array in which entanglement generation would be observed as per the predictions and specifications of the analysis that we have described here.
